Let k be a number field, G an algebraic group defined over k, and G(k) the group of k-rational points in G. We determine the set of functions on G(k) which are of positive type and conjugation invariant, under the assumption that G(k) is generated by its unipotent elements. An essential step in the proof is the classification of the G(k)-invariant ergodic probability measures on an adelic solenoid naturally associated to G(k); this last result is deduced from Ratner's measure rigidity theorem for homogeneous spaces of S-adic Lie groups.
Introduction
Let k be a field and G an algebraic group defined over k. When k is a local field (that is, a non discrete locally compact field), the group G = G(k) of k-rational points in G is a locally compact group for the topology induced by k. In this case (and when moreover k is of characteristic zero), much is known ( [HC84] , [Duf82] ) about the unitary dual G of G, the set of equivalence classes of irreducible unitary representations of G in Hilbert spaces. By way of contrast, if k is a global field (that is, either a number field or a function field in one variable over a finite field), then G is a countable infinite group and, unless G is abelian, the classification of G is a hopeless task, as follows from work of Glimm and Thoma ([Gli61] , [Tho64a] ). In this case, a sensible substitute for G is the set of characters of G we are going to define.
Let G be a group. Recall that a function ϕ : G → C is of positive type if the complex-valued matrix (ϕ(g −1 j g i )) 1≤i,j≤n is positive semidefinite for any g 1 , . . . , g n in G.
A function of positive type ϕ on G which is central (that is, constant on conjugacy classes) and normalized (that is, ϕ(e) = 1) will be called Date: February 19, 2020.
a trace on G. The set Tr(G) of traces on G is a convex subset of the unit ball of ℓ ∞ (G) which is compact in the topology of pointwise convergence. The extreme points Tr(G) are called the characters of G and the set they constitute will be denoted by Char(G).
Besides providing an alternative dual space of a group G, characters and traces appear in various situations. Traces of G are tightly connected to representations of G in the unitary group of tracial von Neumann algebras (see below and Subsection 2.2). The space Tr(G) of traces on G encompasses the lattice of all normal subgroups of G, since the characteristic function of every normal subgroup is a trace on G. More generally, every measure preserving action of G on a probability space gives rise to an invariant random subgroup (IRS) on G and therefore to a trace on G (see [Gel18, §9] ).
The study of characters on infinite discrete groups was initiated by Thoma ([Tho64a] , [Tho64b] ) and the space Char(G) was determined for various groups G (see [Tho64c] , [Kir65] , [Ovč71] , [Sku76] , [CM84] , [Bek07] , [DM14] , [Pet14] , [PT16] , [BH19] ).
Observe that our traces are often called characters in the literature (see for instance [DM14] , [PT16] ).
Let k be a number field (that is, a finite extension of Q) and G a connected linear algebraic group defined over k. In this paper, we will give a complete description of Char(G) for G = G(k), under the assumption that G is generated by its unipotent one-parameter subgroups. A unipotent one-parameter subgroup of G is a subgroup of the form {u(t) | t ∈ k}, where u : G a → G is a nontrivial k-rational homomorphism from the additive group G a of dimension 1 to G.
The case where G is quasi-simple over k was treated in [Bek19] and the result is that
where Z is the (finite) center of G and χ : G → C is defined by χ = χ on Z and χ = 0 on G \ Z. When G is semi-simple, the computation Char(G) can easily be reduced to the quasi-simple case (see [Bek19, Proposition 5 .1]; see also Corollary 2.13 below).
We now turn to a general connected linear algebraic group G over k. The unipotent radical U of G is defined over k and there exists a connected reductive k-subgroup L, called a Levi subgroup, such that G = LU (see [Mos56] ). Set U := U ∩ G and L := L ∩ G. Then, we have a corresponding semi-direct decomposition G = LU, called the Levi decomposition of G (see [Lip75, Lemma 2.2] ).
Recall that L = TL ′ is an almost direct product (see Subsection 6.3 for this notion) of a central k-torus T and the derived subgroup L ′ , which is a semi-simple k-group Assume that G is generated by its unipotent one-parameter subgroups. Then the same holds for L. Since every unipotent one-parameter subgroup of L is contained in L ′ , it follows that G = L ′ (k)U, that is, the Levi subgroup L is semi-simple.
We will describe Char(G) in terms of data attached to L and the action of L on the Lie algebra Lie(U) of U.
The set u of k-points of Lie(U) is a Lie algebra over k and the exponential map exp : u → U is a bijective map. For every g in G, the automorphism of U given by conjugation with g induces an automorphism Ad(g) of the Lie algebra u (see Subsection 3.2).
Let u be the Pontrjagin dual of u, that is, the group of unitary character of the additive group of u. We associate to every λ ∈ u the following subsets k λ , p λ of u and L λ of L:
• k λ is the set of elements X ∈ u such that λ(Ad(g)(tX)) = 1 for all g ∈ G, t ∈ k;
• p λ is the set of elements X ∈ u such that λ(Ad(g)(tX)) = λ(tX) for all g ∈ G, t ∈ k;
• L λ is the set of g ∈ L such that Ad(g)(X) ∈ X + k λ for every X ∈ u. Then k λ and p λ are L-invariant ideals of u and L λ is the kernel of the quotient representation of L on u/k λ .
The sets K λ := exp(k λ ) and P λ := exp(p λ ) are L-invariant normal subgroups of U. Moreover (see Proposition 3.5), P λ is the inverse image under the canonical projection U → U/K λ of the elements in U/K λ contained in the center of G/K λ and
is a G-invariant unitary character of P λ , which is trivial on K λ . Let Ad * denote the coadjoint action (that is, the dual action) of G on u. We say that λ 1 , λ 2 ∈ u have the same quasi-orbit under G if the closures of Ad * (G)λ 1 and Ad * (G)λ 2 in the compact group u coincide.
We can now state our main result.
Theorem 1.1. Let G = G(k) be the group of k-rational points of a connected linear algebraic group G over a number field k. Assume that G is generated by its unipotent one-parameter subgroups and let G = LU be a Levi decomposition of G. For λ ∈ u and ϕ ∈ Char(L λ ), define Φ (λ,ϕ) : G → C by Φ (λ,ϕ) (g) = ϕ(g 1 )χ λ (u) if g = g 1 u for g 1 ∈ L λ , u ∈ P λ 0 otherwise.
(i) We have
(ii) Let λ 1 , λ 2 ∈ u and ϕ 1 ∈ Char(L λ 1 ), ϕ 2 ∈ Char(L λ 2 ). Then Φ (λ 1 ,ϕ 1 ) = Φ (λ 2 ,ϕ 2 ) if and only if λ 1 and λ 2 have the same quasiorbit under the coadjoint action Ad * and ϕ 1 = ϕ 2 .
A few words about the proof of Theorem 1.1 are in order. The essential step consists in the analysis of the restriction ϕ| U to U of a given character ϕ ∈ Char(G). A first crucial fact is that ψ = ϕ| U • exp is a G-invariant function of positive type on u (for the underlying abelian group structure) and is extremal under such functions (see Proposition 3.2 and Theorem 2.11); the Fourier transform of ψ is a Ginvariant ergodic probability measure on u, which is an adelic solenoid. We classify all such measures (Theorem 5.8); for this, we use Ratner's measure rigidity results for homogeneous spaces of S-adic Lie groups (see [Rat95] , [MT94] ). A corresponding description, based on Ratner's topological rigidity results, is given for the G-orbit closures in u (Theorem 5.9).
Remark 1.2. (i) For every λ ∈ u, the group L λ as defined above is the set of k-points of a normal subgroup L λ of L defined over k; indeed, L λ is the the kernel of the k-rational representation of L on the kvector space u/k λ . (Observe that L λ may be non connected.) The set Char(L λ ) can easily be described by the results in [Bek19] mentioned above (see Proposition 6.3 below). (ii) Theorem 1.1 allows a full classification of Char(G) for any group G as above, through the following procedure:
• determine the L-invariant ideals of u;
• fix an L-invariant ideal k of u; determine the space p of L-fixed elements in the center of u/k and let p be its the inverse image in u; • determine the subgroup L(k, p) of L of all elements which act trivially on p/k; determine Char(L(k, p)); • let λ ∈ u with k λ = k; then p λ = p and for ϕ ∈ Char(L(k, p)), write Φ (λ,ϕ) ∈ Char(G).
See Section 7 for some examples.
(iii) The assumption that G is generated by its unipotent one-parameter subgroups is equivalent to the assumption that the Levi component L of G is semi-simple and that L + = L, where L + is the subgroup of L defined as in [BT73, §6] . A necessary condition for the equality L + = L to hold is that every non-trivial simple algebraic normal subgroup of L is k-isotropic (that is, k − rank(L) ≥ 1). It is known that L + = L when L is simply-connected and split or quasi-split over k (see [Ste16, Lemma 64] ).
(iv) A general result about Char(G) cannot be expected when the condition L = L + is dropped; indeed, not even the normal subgroup structure of Char(L) is known is general when L is k-anisotopic (see [PR94, Chap. 9]) We do not know whether an appropriate version of Theorem 1.1 is valid when k is of positive characteristic (say, when k = F (X) for a finite field F ). A first obstacle to overcome is that a Levi subgroup of G does not necessarily exist; a second one is the less tight relationship between unipotent groups and their Lie algebras; finally, Ratner's measure rigidity theorem is not known in full generality (see [EG10] for a partial result).
(v) In the case where G is unipotent, that is, G = U, we obtain a "Kirillov type" description of Char(U): the map Φ : u → Char(U), defined by Φ(λ)(u) = χ λ (u) for u ∈ P λ and Φ(λ)(u) = 0 otherwise, factorizes to a bijection between the space of quasi-orbits in u under Ad * and Char(U). The description of Char(U) appears in [CM84, Theorem 4.2] and is also implicit in [PJ95, Proposition 2.7].
We now rephrase Theorem 1.1 in terms of factor representations of G. Recall that a factor representation of a group G is a unitary representation π of G on a Hilbert space H such the von Neumann subalgebra π(G) ′′ of L(H) is a factor (see also Subsection 2.2). Two such representations π 1 and π 2 are said to be quasi-equivalent if their exists an isomorphism Φ : π 1 (G) ′′ → π 2 (G) ′′ such that Φ(π 1 (g)) = π 2 (g) for every g ∈ G. A factor representation π of G is said to be of finite type if π(G) ′′ is a finite factor, that is, if π(G) ′′ admits a trace τ ; in this case, τ • π belongs to Char(G) and the map π → τ • π factorizes to a bijection between the quasi-equivalence classes of factor representations of finite type of G and Char(G); for all this, see [Dix77, Chap.6, Chap. 17 ].
The following result follows immediately from Theorem 1.1, in combination with Proposition 2.4 and [Dix77, Corollary 6.8.10].
Let Γ = L ⋉ N be a semi-direct product of a subgroup L and an abelian normal subgroup N. Let σ be a unitary representation of L on a Hilbert space H and let χ ∈ N be such that χ g = χ for every g ∈ L.
It is straightforward to check that χσ defined by χσ(g, n) = χ(n)σ(g) for (g, n) ∈ Γ is a unitary representation of Γ on H Theorem 1.3. Let G = LU be as in Theorem 1.1.
(i) For every λ ∈ u and every factor representation σ of finite type of L λ , the representation π (λ,σ) := Ind G L λ P λ χ λ σ induced by χ λ σ is a factor representation of finite type of G; moreover, every factor representation of finite type of G is quasi-equivalent to a representation of the form π (λ,σ) as above.
(ii) Let λ 1 , λ 2 ∈ u and σ 1 , σ 2 factor representations of finite type of L λ 1 , L λ 2 , respectively. Then π (λ 1 ,σ 1 ) and π (λ 2 ,σ 2 ) are quasiequivalent if and only if λ 1 and λ 2 have the same quasi-orbit under the coadjoint action Ad * and σ 1 and σ 2 are quasi-equivalent.
This paper is organized as follows. In Section 2, we establish with some detail general facts about functions of positive type on a group Γ which are invariant under a group of automorphisms of Γ. Section 3 deals with the crucial relationship (Proposition 3.2) between traces on an unipotent algebraic groups and invariant traces on the associated Lie algebra. In Section 4, we show how the study of characters on an algebraic group over Q leads to the study of invariant probability measures on adelic solenoids. Such measures as well as orbits closures are classified in Section 5. The proof of Theorem 1.1 is completed in Section 6. In Section 7, we compute Char(G) for a few specific examples of algebraic groups G.
Invariant traces and von Neumann algebras
We consider functions of positive type on a group Γ which are invariant under a group G of automorphisms of Γ, which may be larger than the group of inner automorphisms of Γ. A systematic treatment of such functions is missing in the literature, although they have already been considered in [Tho64a] and [Tho64b] . As they play an important rôle throughout this article, we establish with some detail some general facts about them; in particular, we give new (and, as we hope, more transparent) proofs for two crucial and non obvious properties of these functions (Theorems 2.11 and 2.12), based on the consideration of the associated von Neumann algebras.
2.1. Some general facts on invariant traces. Let Γ, G be discrete groups and assume that G acts by automorphisms on Γ.
• ϕ is of positive type, that is, for all λ 1 , . . . , λ n ∈ C and all γ 1 , . . . , γ n ∈ Γ, we have n i,j=1
• ϕ(g(γ)) = ϕ(γ) for all γ ∈ Γ and g ∈ G, and • ϕ is normalized, that is, ϕ(e) = 1. We denote by Tr(Γ, G) the set of G-invariant traces on Γ. In the case where G = Γ and Γ acts on itself by conjugation, we write Tr(Γ) instead of Tr(Γ, Γ). (ii) The set Tr(Γ, G) is a compact convex set in the unit ball of ℓ ∞ (Γ) endowed with the weak* topology. Let Char(Γ, G) be the set of extremal points in Tr(Γ, G).
In case G = Γ, we write as above, Char(Γ) instead of Char(Γ, Γ). (iii) Functions ϕ ∈ Char(Γ, G) will be called G-invariant characters on Γ and are characterized by the following property: if ψ is a Ginvariant function of positive type on Γ which is dominated by ϕ (that is, ϕ − ψ is a function of positive type), then ψ = λϕ for some λ > 0.
Remark 2.2. Assume that Γ is countable. Then Tr(Γ, G) is metrizable and Char(Γ, G) is a Borel subset of Tr(Γ, G). By Choquet's theory, every ϕ ∈ Tr(Γ, G) can be written as integral
for a probability measure µ ϕ on Tr(Γ, G) with µ ϕ (Char(Γ, G)) = 1. When G contains the group of inner automorphisms of Γ, the measure µ ϕ is unique, as Tr(Γ, G) is a Choquet simplex in this case ([Tho64a] ).
The proof of the following proposition is straightforward. Observe that, if N is a G-invariant normal subgroup of Γ, then G acts by automorphisms on the quotient group Γ/N. Proposition 2.3. Let N be a G-invariant normal subgroup of Γ and let p : Γ → Γ/N be the canonical projection.
(i) For every ϕ ∈ Tr(Γ/N, G), we have ϕ • p ∈ Tr(Γ, G).
(ii) The image of the map
Let ϕ be a normalized function of positive type on Γ. Recall (see [BHV08, Theorem C.4 .10]) that there is a so-called GNS-triple (π, H, ξ) associated to ϕ, consisting of a cyclic unitary representation of Γ on a Hilbert space H with cyclic unit vector ξ such that
The triple (π, H, ξ) is unique in the following sense: if (π ′ , H ′ , ξ ′ ) is another GNS triple associated to ϕ, then there is a unique isomorphism U : H → H ′ of Hilbert spaces such that
As the next proposition shows, invariant traces on a subgroup of Γ can be induced to invariant traces on Γ.
For a function ψ : Y → C defined on a subset Y of a set X, we denote by ψ the trivial extension of ψ to X, that is, the function ψ : X → C given by Proof. Set ϕ := ψ. It is obvious that ϕ is G-invariant. The fact that ϕ is a function of positive type can be checked directly from the definition of such a function (see [HR70, 32.43] ). As we need to identify the GNS representation associated to ϕ, we sketch another well-known proof for this fact. Let (σ, K, η) be a GNS triple associated to ψ. Let π = Ind Γ H σ be realized on H = ℓ 2 (Γ/H, K), as in [Fol95, Remark 2, §6.1]. Let ξ ∈ H be defined by ξ(H) = η and ξ(γH) = 0 if γ / ∈ H. Then ϕ(γ) = π(γ)ξ, ξ for every γ ∈ Γ and ξ is a cylic vector for π. So, (π, H, ξ) is a GNS triple for ϕ.
Attached to a given invariant trace on Γ, there are two invariant subgroups of Γ which will play an important role in the sequel. (i) K ϕ and P ϕ are G-invariant closed subgroups of Γ with K ϕ ⊂ P ϕ .
(ii) For x ∈ P ϕ and γ ∈ Γ, we have ϕ(xγ) = ϕ(x)ϕ(γ); in particular, the restriction of ϕ to P ϕ is a G-invariant unitary character of P ϕ .
Proof. Let (π, H, ξ) be GNS-triple associated to ϕ. Using the equality case of Cauchy-Schwarz inequality, it is clear that
Claims (i), (ii) and (iii) follow from this.
We will later need the following elementary lemma.
Lemma 2.6. Let ϕ ∈ Tr(Γ, G) and γ ∈ Γ. Assume that there exists a sequence (g n ) n≥1 in G such that
Then ϕ(γ) = 0.
Proof. Let (π, H, ξ) be a GNS triple for ϕ. We have π(g m (γ) −1 )ξ, π(g n (γ) −1 )ξ = π(g n (γ)g m (γ) −1 )ξ, ξ = ϕ(g n (γ)g m (γ) −1 ) = 0.
for all m, n with m = n. Therefore, (π(g n (γ) −1 )ξ) n≥1 is an orthonormal sequence in H and so converges weakly to 0. The claim follows, since ϕ(γ) = ϕ(γ −1 ) and, for all n, ϕ(γ −1 ) = ϕ(g n (γ) −1 ) = π(g n (γ) −1 )ξ, ξ .
Invariant traces and von Neumann algebras.
We relate traces on groups to traces on appropriate von Neumann algebras. Let Γ, G be discrete groups and assume that G acts by automorphisms on Γ. This uniqueness property in the GNS construction for functions of positive type has the following consequence for G-invariant traces on G Proposition 2.7. Let ϕ ∈ Tr(Γ, G) and let (π, H, ξ) be a GNS-triple associated to ϕ. There exists a unique unitary representation g → U g of G on H such that U g π(γ)U −1 g = π(g(γ)) for all g ∈ G, γ ∈ Γ and U g ξ = ξ.
Proof. Let g ∈ G. Consider the unitary representation π g of Γ on H given by π g (γ) = π(g(γ)) for γ ∈ Γ. Since ϕ is invariant under g, the triple (π g , H, ξ) is another GNS-triple associated to ϕ. Hence, there exists a unique unitary operator U g : H → H such that
Using the uniqueness of U g , one checks that g → U g is a representation of G.
We now give a necessary and sufficient condition for a G-invariant trace on Γ to be a character.
Let (π, H, ξ) be GNS-triple associated to ϕ and g → U g the unitary representation of G on H as in 2.7. Let M ϕ the von Neumann subalgebra of L(H) generated by the set of operators π(Γ) ∪ {U g | g ∈ G}, that is, Proof. The map T → ϕ T is known to be a bijection between the set {T ∈ π(Γ) ′ | 0 ≤ T ≤ I} and the set of functions of positive type on Γ which are dominated by ϕ (apply [Dix77, Proposition 2.5.1] to the * -algebra C[Γ], with the convolution product and the involution given
For every γ ∈ Γ, we have
Hence, U g −1 T U g is a scalar multiple of T , by uniqueness of T. Since U g is unitary and T ≥ 0, it follows that U g −1 T U g = T for all g ∈ G and so T ∈ M ′ ϕ . Let Z(Γ) be the center of Γ. We call the subgroup
the G-center of Γ. We draw a first consequence on the values taken by a G-invariant character on Z(Γ) G .
Proof. Let (π, H, ξ) be GNS-triple associated to ϕ. For every z ∈ Z(Γ) G , the operator π(z) commutes with π(γ) and U g for every γ ∈ Γ and every g ∈ G. It follows from Proposition 2.8 that π(z) is a scalar multiple of I H and hence that z ∈ P ϕ .
We will be mostly interested in the case where G contains the group of all inner automorphisms of Γ. Upon replacing G by the semi-direct group G ⋉ Γ, we may assume without loss of generality that Γ is a normal subgroup of G.
Let G be a discrete group and N a normal subgroup of G. Then Tr(N, G) ⊂ Tr(N) denotes the convex set of G-invariant traces on N and Char(N, G) the set of extreme points in Tr(N, G). We first draw a consequence of Propositions 2.7 and 2.8 in the case N = G.
Recall that a (finite) trace on a von Neumann algebra M ⊂ L(H) is a positive linear functional τ on M such that Recall that a von Neumann subalgebra M of L(H) is a factor if its center M ∩ M ′ consists only of multiples of the identity operator I.
Proof. (i) One checks immediately that τ , as defined above, is a trace on π(G) ′′ . It is clear that τ is normal. Let T ∈ π(G) ′′ be such that τ (T * T ) = 0. Then T π(g)ξ 2 = τ π(g −1 )T * T π(g) = τ (T * T ) = 0, that is, T π(g)ξ = 0 for all g ∈ G; hence, T = 0 since ξ is a cyclic vector for π. So, τ is faithful. (ii) Observe first that, for every g ∈ G, we have
The following result, which will be crucial in the sequel, appears in [Tho64a, Lemma 14]; the proof we give here for it is shorter and more transparent than the original one.
Theorem 2.11. Let G be a discrete group, N a normal subgroup of G and ψ ∈ Char(G). Then ψ| N ∈ Char(N, G).
Proof. Let (π, H, ξ) be GNS-triple associated to ψ. Set ϕ := ψ| N and let K be the closed linear span of {π(x)ξ | x ∈ N}. Then (π| N , K, ξ) is a GNS-triple associated to ϕ.
Let g → U g be the representation of G on H associated to ψ as in Proposition 2.7. The subspace K is invariant under
In view of Proposition 2.8, it suffices to show that
Let τ ′′ := τ + τ ′ , where τ is the faithful trace on π(G) ′′ defined by ϕ, as in Corollary 2.10. Then τ ′′ is a normal faithful trace on π(G) ′′ and τ ′′ dominates τ and τ ′ . Since π(G) ′′ is a factor, it follows that τ and τ ′ are both proportional to τ ′′ . Hence, there exists λ ≥ 0 such that τ ′ = λτ. So,
As we now show, the set of characters of a product group admits a simple description; again, this is a result due to Thoma ([Tho64b, Satz 4]) for which we provide a short proof.
For sets X 1 , . . . , X r and functions ϕ i : X i → C, i ∈ {1, . . . , r}, we denote by ϕ 1 ⊗ · · · ⊗ ϕ r the function on X 1 × · · · × X r given by
for all (x 1 , . . . , x r ) ∈ X 1 × · · · × X r .
Theorem 2.12. Let G 1 , G 2 be discrete groups. Then
For i = 1, 2, let ϕ i ∈ Char(G i ). We claim that
is a GNS triple associated to ϕ, where π is the tensor product representation π 1 ⊗ π 2 on H := H 1 ⊗ H 2 and ξ := ξ 1 ⊗ ξ 2 . In view of Proposition 2.10, we have to show that π(G) ′′ is a factor. For this, it suffices to show that the von Neumann algebra M generated by π(G) ′′ ∪ π(G) ′ coincides with L(H).
On the one hand, π(G) ′′ contains π 1 (G 1 ) ′′ ⊗ I and I ⊗ π 2 (G 2 ) ′′ , and π(G) ′ contains π 1 (G 1 ) ′ ⊗I and I ⊗π(
Conversely, let ϕ ∈ Char(G). Let (π, H, ξ) be a GNS triple associated to ϕ. By Proposition 2.10, M := π(G) ′′ is a factor.
For i = 1, 2, set M i := π(G i ) ′′ , where we identify G i with the subgroup G i × {e} of G. We claim that M 1 and M 2 are factors. Indeed,
M is a factor. So, M 1 and, similarly, M 2 are factors.
Next, recall (Corollary 2.10) that M has a normal faithful trace τ given by τ (T ) = T ξ, ξ for T ∈ M. The restriction τ (1) of τ to M 1 is a normal faithful trace on M 1 .
Let T 2 ∈ M 2 with 0 ≤ T 2 ≤ I and T 2 = 0. Define a positive and normal linear functional τ (1)
T 2 is dominated by τ (1) . Since M 1 is a factor, it follows from the result quoted before Corollary 2.10 that there exists a scalar λ(T 2 ) ≥ 0 such that τ (1)
Taking T 1 = I, we see that λ(T 2 ) = τ (T 2 ). It follows that
The following result is an immediate consequence of Proposition 2.12. Recall (see Proposition 2.3) that, when N is a normal subgroup of a group G, we can identify Char(G/N) with the subset {ϕ ∈ Char(G) | ϕ| N = 1} of Char(G).
Corollary 2.13. For discrete groups G, G 1 , . . . , G r , let
where N is the kernel of p. In particular, for ϕ ∈ Char(G), we have
Traces on unipotent groups
In this section, we will show that traces on a unipotent algebraic group U are in a one-to-one correspondence with Ad(U)-invariant positive definite functions on the Lie algebra of U.
3.1. Invariant traces on abelian groups. Let A be a discrete abelian group and A the Pontrjagin dual of A, which is a compact abelian group. Then Tr(A) is the set of normalized functions of positive type on A and Char(A) = A.
Let Prob( A) denote the set of regular probability measures on the Borel subsets of A. For µ ∈ Prob( A), the Fourier-Stieltjes transform F (µ) : A → C of µ is given by
By Bochner's theorem (see e.g. [HR70, §33]), the map F : µ → F (µ) is a bijection between Prob( A) and Tr(A).
Let G be a group acting by automorphisms on A. Then G acts by continuous automorphisms on Tr(A) and on A = Char(A), via the dual action given by ϕ g (a) = ϕ(g −1 (a)) for all χ ∈ Tr(A), g ∈ G, a ∈ A. 3.2. Invariant traces on unipotent groups. Let k be a field of characteristic 0. Let U n be the group of upper triangular unipotent n × n matrices over k, for n ≥ 1. Then U n is the group of k-points of an algebraic group over k and its Lie algebra is the Lie algebra u n of the strictly upper triangular matrices. The exponential map exp : u n → U n is a bijection and, by the Campbell-Hausdorff formula, there exists a polynomial map P : u n × u n → u n with coefficients in k such that exp(X) exp(Y ) = exp(P (X, Y )) for all X, Y ∈ u n . Denote by log : U n → u n the inverse map of exp .
Let u be a nilpotent Lie algebra over k. Then, by the theorems of Ado and Engel, u can be viewed as Lie subalgebra of u n for some n ≥ 1 and exp(u) is an algebraic subgroup of U n .
Let U be the group of k-points of a unipotent algebraic group over k, that is, an algebraic subgroup of U n for some n ≥ 1. Then u = log(U) is a Lie subalgebra of u n and exp : u → U is a bijection (for all this, see [Mil17, Chap.14] ).
For every u ∈ U, the automorphism of U given by conjugation with u induces an automorphism Ad(u) of the Lie algebra u determined by the property exp(Ad(u)(X)) = u exp(X)u −1 for all X ∈ u.
Observe that a function ϕ on U is central (that is, constant on the U conjugacy classes) if and only if the corresponding function ϕ • exp on u is Ad(U)-invariant.
The following proposition will be a crucial tool in our proof of Theorem 1.1 Proposition 3.2. Let U be the group of k-points of a unipotent algebraic group over a field k of characteristic zero. Let ϕ : U → C. Then ϕ ∈ Tr(U) if and only if ϕ • exp ∈ Tr(u, Ad(U)). So, the map ϕ → ϕ • exp is a bijection between Tr(U) and Tr(u, Ad(U)).
Proof. Set ϕ ′ := ϕ • exp . Since ϕ and ϕ ′ are invariant, we have to show that ϕ is of positive type on U if and only ϕ ′ is of positive type on u.
Let Z(U) be the center of U and z the center of u. Set χ := ϕ| Z(U ) and χ ′ := ϕ ′ | z .
• First step. Assume that ϕ is of positive type on U or that ϕ ′ is of positive type on u. Then χ is of positive type on Z(U) and χ ′ is of positive type on z.
Indeed, this follows from the fact that exp : z → Z is a group isomorphism.
We will reduce the proof of Proposition 3.2 to the case where ϕ has the following multiplicativity property
Observe that property ( * ) is equivalent to
• Second step. To prove Proposition 3.2, we may assume that ϕ has property ( * ).
Indeed, since Tr(U) is the closed convex hull of Char(U) and Tr(u, U) is the closed convex hull of Char(u, U), it suffices to prove that if ϕ ∈ Char(U) then ϕ ′ is of positive type on u and that if ϕ ′ ∈ Char(u, U) then ϕ is of positive type on U. Moreover, by Corollary 2.9 and Proposition 2.5, ϕ has property ( * ) if ϕ ∈ Char(U) and if ϕ ′ has property ( * ) ′ if ϕ ′ ∈ Char(u, U). This proves the claim.
In view of the second step, we may and will assume in the sequel that ϕ : U → C is a central function, normalized by ϕ(e) = 1, with property ( * ). If, moreover, either ϕ is of positive type or ϕ ′ is of positive type, then χ ∈ Z(U) and χ ′ ∈ u, by the first step.
• Third step. Assume that either ϕ is of positive type or that ϕ ′ is of positive type. If ker χ ′ contains no non-zero linear subspace, then both ϕ and ϕ ′ are of positive type.
We claim that ϕ ′ = χ ′ (that is, ϕ ′ = 0 on u \ z). Since this is equivalent to ϕ = χ and since χ ∈ Z(U) and χ ′ ∈ z, once proved, this claim combined with Proposition 2.4 will imply that ϕ and ϕ ′ are of positive type.
Let (z i ) 1≤i≤r be the ascending central series of u; so, z 1 = z, z i+1 is the inverse image in u of the center of u/z i under the canonical map u → u/z i for every i, and z r = u.
Let (Z i (U)) 1≤i≤r be the corresponding ascending central series of U given by Z i (U) = exp z i .
We show by induction on i that ϕ ′ = 0 on z i \z for every i ∈ {2, . . . , r}.
As
Since Ad(y n )X −X ∈ z i and ϕ ′ = 0 on z i \z by the induction hypothesis, we have therefore ( * * ) ′ ϕ ′ (Ad(y n )X − Ad(y m )X) = 0 for all n = m.
We also have, by the Campbell-Hausdorff formula,
Since [y n , exp(X)] ∈ Z i (U) and ϕ = 0 on Z i (U)\Z(U) by the induction hypothesis, we have therefore ( * * ) ϕ([y n , exp(X)][y m , exp(X)] −1 ) = 0 for all n = m.
If ϕ ′ is of positive type, it follows from Lemma 2.6 and from ( * * ) ′ that ϕ ′ (X) = 0. If ϕ is of positive type, then Lemma 2.6 and ( * * ) imply that ϕ(exp X) = 0, that is, ϕ ′ (X) = 0. As a result, ϕ ′ = 0 on z i \ z for every i ∈ {2, . . . , r}. Since z r = u, the claim is proved.
• Fourth step. Assume that either ϕ is of positive type or that ϕ ′ is of positive type. Then both ϕ and ϕ ′ are of positive type.
We proceed by induction on dim k u. The case dim k u = 0 being obvious, assume that the claim is true for every unipotent algebraic group with a Lie algebra of dimension strictly smaller than dim k u.
In view of the third step, we may assume that there exists a subspace k of z with dim k k > 0 contained in ker χ ′ . Then ϕ ′ can be viewed as a function on the nilpotent Lie algebra u/k and ϕ as a function of positive type on the corresponding unipotent algebraic group U/ exp(k). Since dim k u/k is strictly smaller than dim k u, the claim follows from the induction hypothesis. Let G be a group acting by automorphisms on U. Every g ∈ G induces an automorphism X → g(X) of u determined by the property exp(g(X)) = g(exp(X)) for all X ∈ u.
Let u be the Pontrjagin dual of the additive group u. Then G acts by automorphisms u, induced by the dual action.
Since the map ψ → ψ • log from the space of functions on u to the space of functions on U is tautologically G-equivariant, the following result is an immediate consequence of Propositions 3.2 and 3.1. (i) The map
Let G be a group of automorphisms of U containing Ad(U). Let λ ∈ u. Recall (see Section 1) that we associated to λ the following two G-invariant ideals of u k λ = {X ∈ u | λ(Ad(g)(tX)) = 1 for all g ∈ G, t ∈ k} and p λ = {X ∈ u | λ(Ad(g)(tX)) = Ad(g)(tX) for all g ∈ G, t ∈ k}.
Proposition 3.5. Let λ ∈ u, p : u → u/k λ , and P λ = exp p λ .
(
(ii) is a special case of Proposition 3.2.
Lemma 3.6. Let U be as in Proposition 3.2 and g ∈ Aut(U). Let N be a normal subgroup of U. For X ∈ u, the set
is a subgroup of the additive group of the field k.
Proof. Observe first that 0 ∈ A. Let t, s ∈ A. = exp(sX) exp(−tX) exp(g(tX))(exp(−sX) exp(g(sX))) −1 exp(−sX).
Since N is a normal subgroup of U, it follows that t − s ∈ A.
Characters and invariant probability measures
In this section, we show how a character on an algebraic group over Q gives rise to an invariant ergodic probability measure on an appropriate adelic solenoid. 4.1. Reduction to the case k = Q. Let k be a number field and G = G(k) be the group of k-rational points of a connected linear algebraic group G over k. By Weil's restriction of scalars (see [Zim84, Proposition 6.1.3], [BT65, 6.17-6.21]), there is an algebraic group G ′ over Q such that G is naturally isomorphic to the group
where L ′ and U ′ are the images of L and U under the isomorphism G → G ′ . Moreover, G ′ is generated by its unipotent one-parameter subgroups, if G is generated by unipotent one-parameter subgroups. These remarks show that it suffices to prove Theorem 1.1 in the case k = Q.
4.2.
Restriction to the unipotent radical. Let G be the group of Q-rational points of a connected linear algebraic group over Q and let G = LU be a Levi decomposition of G.
Let ψ ∈ Char(G). Set ϕ := ψ| U . By Theorem 2.11, we have ϕ ∈ Char(U, G). So, by Corollary 3.4, ϕ = F (µ) • log for a unique µ ∈ Prob( u) G erg , where u is the Lie algebra of U. We want to determine the set Prob( u) G erg . In the following discussion, the Lie algebra structure of u will play no role, only its linear structure being relevant. So, we let E be a finite dimensional vector space over Q and recall how the Pontrjagin dual E can be described in terms of adèles.
Let P be the set of primes of N. Recall that, for every p ∈ P, the additive group of the field Q p of p-adic numbers is a locally compact group containing the subring Z p of p-adic integers as compact open subgroup. The ring A of adèles of Q is the restricted product A = R × p∈P (Q p , Z p ) relative to the subgroups Z p ; thus,
The field Q can be viewed as discrete and cocompact subring of the locally compact ring A via the diagonal embedding Q → A, q → (q, q, . . . ).
Let b 1 , . . . b d be a basis of E over Q. Fix a nontrivial unitary character e of A which is trivial on Q. For every a = (a 1 , . . . , a d ) ∈ A d , let λ a ∈ E be defined by
The map a → λ a factorizes to an isomorphism of topological groups
). So, E can be identified with the adelic solenoid A d /Q d . We examine now how this identification behaves under the action of GL(E) on E.
Let θ ∈ GL(E) and let A ∈ GL n (Q) its matrix with respect to the basis b 1 , . . . , b d . One checks that
We summarize the previous discussion as follows. 
Invariant probability measures and orbit closures on solenoids
For an algebraic Q-subgroup of GL d which is generated by unipotent subgroups, we will determine in this section the invariant probability measures as well as the orbits closures on the adelic solenoid A d /Q d . We have first to treat the case of S-adic solenoids. 
We aim to describe the G(Z[1/S])-invariant probability measures on X S as well as orbit closures of points in X S . Our results will be deduced from Ratner's measure rigidity and topological rigidity theorems in the S-adic setting (see [Rat95] and [MT94] ); actually, we will need the more precise version of Ratner's results in the S-arithmetic case from [Tom00].
Invariant probability measures.
For a closed subgroup Y of X S and for x ∈ X, we denote by µ x+Y ∈ Prob(X S ) the image of the normalized Haar µ Y under the map X S → X S given by translation by x.
Let V be a linear subspace of
is a subsolenoid of X S , that is, a closed and connected subgroup of X S . Proof. We consider the semi-direct product
Then G is a locally compact group containing
as discrete subgroup. Since G(Q S ) is generated by unipotent oneparameter subgroups, there is no non-trivial morphism G → GL 1 defined over Q. It follows (see [Bor63, Theorem 5 .6]) that Γ := G(Z[1/S]) has finite covolume in G(Q S ) and so Γ is an S-arithmetic lattice in G.
We now use the "suspension technique" from [Wit94] to obtain an ergodic G(Q S )-invariant probability measure µ on G/ Γ. Specifically, we embed X S as subset of G/ Γ in the obvious way. Observe that the action of G(Z[1/S]) by automorphisms on X S becomes the action of G(Z[1/S]) by translations on G/ Γ under this embedding.
View µ as a G(Z[1/S]))-invariant probability measure on G/ Γ which is supported on the image of X S . Let µ be the probability measure on G/ Γ defined by
where ν be the unique G(Q S )-invariant probability measure on G(Q S )/Γ and t g (µ) denotes the image of µ under the translation by g. Then µ is G(Q S )-invariant and is ergodic under this action.
By the refinement [Tom00, Theorem 2] of Ratner's theorem, there exists a Q-algebraic subgroup L of G, an L(Q)-invariant vector subspace V of Q d , a finite index subgroup H of L(Q S ) ⋉ V (Q S ), and an element g ∈ G with the following properties:
• G(Q S ) ⊂ H g := gHg −1 ;
• H ∩ Γ is a lattice in H;
• µ is the unique H g -invariant probability measure on G/ Γ supported on gH Γ/ Γ = H g g Γ/ Γ.
Since G = G(Q S ) ⋉ Q d S , there exists g ′ ∈ G(Q S ) such that a := g ′ g belongs to Q d S . Then G(Q S ) ⊂ H a and, since µ is G(Q S )-invariant, µ coincides with the H a -invariant probability measure supported on H a a Γ/ Γ. As a result, we may assume above that g = a ∈ Q d S . The image t a −1 ( µ) of µ under the translation by a −1 coincides with the unique H-invariant probability measure on G/ Γ supported on H Γ/ Γ. Observe that G(Q S ) ⊂ H a implies that
where we write g(a) for gag −1 .
Let
and t a −1 (t g (µ)) (p −1 (gΓ/Γ)) = 1 for every g ∈ G(Q S ). So, the formula ( * ) provides a decomposition of t a −1 ( µ) as integral over G(Q S )/G(Z[1/S]) of probability measures supported on the fibers of p. Now, knowing that t a −1 ( µ) is the H-invariant probability measure supported on H Γ/ Γ, we can perform a second such decomposition of t a −1 ( µ) over G(Q S )/Γ. The measures supported on the fibers of p in this last decomposition are translates of the normalized Haar measure µ Y of the image Y of H ∩Q d S in X S ∼ = Q d S Γ/ Γ. By uniqueness, it follows that t a −1 (µ) = µ Y , that is, µ = µ x+Y , where a is the image of x in X S (for more details, see the proof of Corollary 5.8 in [Wit94] ).
To finish the proof, observe that, since V (Q S ) is divisible, it has no proper subgroup of finite index and so H ∩ Q
The pairs (x, Y ) as in Proposition 5.1 for which µ x+Y is ergodic are characterized by the following general result.
For a compact group X, we denote by Aut(X) the group of continuous automorphisms of X and by Aff(X) = Aut(X) ⋉ X the group of affine transformations of X.
Proposition 5.2. Let G be a countable group, X be a compact abelian group and α : G → Aut(X) an action of G by automorphisms of X. Let x 0 ∈ X and let Y be a connected closed subgroup of X such
Moreover, the following properties are equivalent:
(i) µ x 0 +Y is not ergodic under the restriction of the G-action to x 0 + Y ;
(ii) there exists a proper closed connected subgroup Z of Y and a finite index subgroup H of G such that α h (x) − x ∈ Z for every
Proof. The fact that Y is G-invariant and that α g (x) − x ∈ Y for every g ∈ G is obvious. The homeomorphism t : x 0 +Y → Y given by the translation by −x 0 intertwines the action α of G on x 0 +Y with the action β : G → Aff(Y ) by affine transformations of Y , given by
Moreover, the image of µ x 0 +Y under t is the Haar measure µ Y on Y.
Assume that the action β is not ergodic. Then there exists a proper closed connected subgroup Z of Y which invariant under the action α of G and a finite index subgroup H of G such that the image of H in Aff(Y /Z), for the action induced by β, is trivial (see [BF18, Proposition 1]). This means that α h (x) − x ∈ Z for every x ∈ x 0 + Y and h ∈ H. So, (i) implies (ii).
Assume that (ii) holds and let x ∈ x 0 + Y. Then the image of the set
The fact that (iii) implies (iv) is obvious. Assume that β is ergodic.
We will need a description of the G(Z[1/S])-invariant (not necessarily ergodic) probability measures on X S . For this, we adapt for our situation some ideas from [MS95, §2], where such description was given in the context of real Lie groups.
Let ϕ :
S to be the set of a ∈ Q d S with the following properties:
• g(a) ∈ a + V (Q S ) for every g ∈ G(Z[1/S]) and Proposition 5.4. Assume that G(Q S ) is generated by unipotent oneparameter subgroups and let µ ∈ Prob(X S ) be a G(Z[1/S])-invariant probability measure on X S . For V ∈ H, denote by µ V the restriction of µ to ϕ(N (V, S)).
) and x ω = ϕ(a ω ) for some a ω ∈ N (V, S).
Fix ω ∈ Ω. By Proposition 5.1, there exists a ω ∈ Q d S and V ω ∈ H such that g(a ω ) ∈ a ω + V ω (Q S ) for every g ∈ G(Q S ) and ν ω = µ xω+Yω , where Y ω = ϕ(V ω (Q S )) and x ω = ϕ(a ω ). Since µ xω+Yω is ergodic, there exists a subset A ω of x ω + Y ω with µ xω+Yω (A ω ) = 1 such that the G(Z[1/S])-orbit of x is dense in x ω + Y ω for every x ∈ A ω (see Proposition 5.2). It is clear that x ∈ ϕ(N (V ω , S)) for every x ∈ A ω . It follows that ν ω (ϕ(N (V ω , S)) = 1 for every ω ∈ Ω and hence µ( V ∈H ϕ(N (V, S)) = 1. Since the measurable subsets ϕ (N (V, S) ) of X S are mutually disjoint (Lemma 5.3) and since H is countable, we have a direct sum decomposition
x ω = ϕ(a ω ) for some a ω ∈ N (V, S).
We will later need the following lemma. 
Proof. Choose a complement V 0 of V in Q d and let π 0 : Q d → V 0 be the corresponding projection. Let p ∈ P ∪ {∞}. Then Q d p = V (Q p ) ⊕ V 0 (Q p ) and the linear extension of π 0 , again denoted by π 0 , is the corresponding
So, ker(π 0 • (g − I Q d p )) = W g (Q p ). The linear subspace
of Q d has the required property.
Orbit closures.
We now turn to the description of orbit closures of points in X S . Recall that ϕ : Q d S → X S denotes the canonical projection.
Proposition 5.6. Assume that G(Q S ) is generated by unipotent oneparameter subgroups. Let a ∈ Q d S and x = ϕ(a) ∈ X S . There exists a G(Q)-invariant linear subspace V of Q d with the following properties:
Proof. As in the proof of Proposition 5.1, we consider the semi-direct
By the refinement [Tom00, Theorem 1] of Ratner's theorem about orbit closures, there exists a Q-algebraic subgroup L of G, an L(Q)invariant vector subspace V of Q d and a finite index subgroup H of L(Q S ) ⋉ V (Q S ) with the following properties:
We only have to show that G(Q S )x ∩ X S is contained in G(Z[1/S])x, the reverse inclusion being obvious.
Set Γ = G(Z[1/S]) and Λ = Z[1/S] d . Choose a fundamental domain Ω ⊂ G(Q S ) for G(Q S )/Γ which is a neighbouhood of e and a compact fundamental domain K ⊂ Q d S for Q d S /Λ Let y ∈ G(Q S )x ∩ X S . Then there exists a sequence g n ∈ G(Q S ) such that lim n (g n , e)x = y. Write g n = ω n γ n for ω n ∈ Ω and γ n ∈ Γ and γ n (a) = k n + λ n for k n ∈ K and λ n ∈ Λ. Then y = lim n (g n , e)x = lim n (ω n , e)(γ n , e)(e, a) Γ = lim n (ω n , e)(γ n , γ n (a)) Γ = lim n (ω n , e)(e, k n ) Γ = lim n (ω n , ω n (k n )) Γ.
On the one hand, it follows that lim n ω n δ n = e for some δ n ∈ Γ. So, for large n, we have ω n δ n ∈ Ω and, since ω n ∈ Ω, we have δ n = e, that is, lim n ω n = e. On the other hand, as K is compact, we can assume that lim n k n = k ∈ K exists. Therefore, we have lim n (ω n , ω n (k n )) = (e, k) and so y = k + Λ and 
Denote by S the set of finite subsets S of P ∪ {∞} with ∞ ∈ S. Let S ∈ S. It is well-known (see [Wei74] ) that
This gives rise to a well defined projection
So, the fiber of π S over a point a
and we have a similarly defined GL d (Z[1/S])-equivariant projection π S ′ ,S : X S ′ → X S . Observe that π S = π S ′ ,S • π S ′ .
Let V be a linear subspace of Q d . For p ∈ P, we write V (Z p ) for the Z p -span of V (Z) in V (Q p ); the adèle space corresponding to V is
We denote by ϕ the canonical projection A d → X. The image of ϕ(V (A)) in X can be written as
and is a closed and connected subgroup of X. Conversely, every closed and connected subgroup of X is of the form ϕ(V (A)) for a unique linear subspace V of Q d (see Lemma 6.1 below).
The following simple fact will be useful.
Lemma 5.7. Let V be a linear subspace of Q d . Set
where S runs over the finite subsets of P.
Then
Proof. It is clear that ϕ(V (A)) is contained in Ω. Conversely, let x ∈ Ω. Then there exists a = (a p ) p∈P∪{∞} ∈ A d with ϕ(a) = x such that a ∞ ∈ V (R) and a p ∈ Z d p for all p ∈ P. We claim that a p ∈ V (Z p ) for all p ∈ P.
Indeed, let p 0 ∈ P. There exists q ∈ Q d such that (a p + q) p∈P∪{∞} ∈ R d × p∈P Z d p with a ∞ + q ∈ V (R) and a p 0 + q ∈ V (Z p 0 ). For every p ∈ P, we have q = (a p + q) − a p ∈ Z d p and hence q ∈ Z d . Since a ∞ ∈ V (R), we also have q = (a ∞ + q) − a ∞ ∈ V (R). Hence, q ∈ V (Z) ⊂ V (Z p 0 ) and therefore a p 0 = (a p 0 + q) − q ∈ V (Z p 0 ).
Invariant probability measures.
We will denote by ϕ the canonical projection A d → X and by ϕ S the projection Q d S → X S for a set S ∈ S.
Theorem 5.8. Let G be a connected algebraic subgroup of GL d defined over Q. Assume that G(Q) is generated by unipotent one-parameter subgroups. Let µ be an ergodic G(Q)-invariant probability measure on the Borel subsets of X = A d /Q d . There exists a pair (a, V 0 ) consisting of a point a ∈ A d and a G(Q)-invariant linear subspace V 0 of Q d such that µ = µ x+Y , for x = ϕ(a) and Y = ϕ(V 0 (Q)). Moreover, a can be chosen so that the set {g(a) − a | g ∈ G(Q)} is dense in V 0 (A).
Proof. For S ∈ S, let µ S be the image of µ under the projection
Then µ S is a G(Z[1/S]-invariant probability measure on X S and, by Proposition 5.4, we have a decomposition
Fix S 0 ∈ S and V 0 ∈ H with µ S 0 ,V 0 = 0 and such that
Write P ∪ {∞} = ∪ n≥0 S n for an increasing sequence of subsets S n ∈ S. Denote by µ n instead of µ Sn the image of µ under the projection π Sn : X → X Sn . Set c := µ 0 (ϕ S 0 (N (V 0 , S 0 )) > 0.
• First step. We claim that µ n (ϕ Sn (N (V 0 , S n )) ≥ c for all n ≥ 1.
Indeed, let V ∈ H be such that µ Sn,V = 0. Recall that π Sn,S 0 :
Sn,S 0 (ϕ S 0 (N (V 0 , S 0 ))) ∩ ϕ Sn (N (V, S n ) ). Then, on the one hand, x 0 := π Sn,S 0 (x) ∈ ϕ S 0 (N (V 0 , S 0 )) and hence the set
). On the other hand, since x ∈ ϕ Sn (N (V, S n )) and since G(Z[1/S 0 ]) is contained in G(Z[1/S n ]), the set {g(x) − x | g ∈ G(Z[1/S 0 ])} is contained in ϕ Sn (V (Q Sn )). As π Sn,S 0 (ϕ Sn (V (Q Sn )) = ϕ S 0 (V (Q S 0 )) and as π Sn,S 0 is G(Z[1/S 0 ])-equivariant and continuous, it follows that
This implies that V 0 ⊂ V (see the proof of Lemma 5.3). It follows that V = V 0 , by maximality of the dimension of V 0 . This shows that µ n π −1 Sn,S 0 (ϕ S 0 (N (V 0 , S 0 ))) ∩ ϕ Sn (N (V, S n )) = 0 for every V = V 0 and hence that µ n π −1 Sn,S 0 (ϕ S 0 (N (V 0 , S 0 ))) ≤ µ n (ϕ Sn (N (V 0 , S n ))). Since µ 0 = µ S 0 is the image of µ n under π Sn,S 0 , we have µ n π −1 Sn,S 0 (ϕ S 0 (N (V 0 , S 0 ))) = µ 0 (ϕ S 0 (N (V 0 , S 0 )), and the claim is proved.
For every n ≥ 0, let W n = W Sn be the linear subspace of Q d defined by V 0 as in Lemma 5.5. It is clear that the family (W n ) n≥0 of finite dimensional linear subspaces is decreasing. So, there exists N ≥ 0 such that W n = W N for all n ≥ N. Set W := W N . Recall that V 0 ⊂ W n for every n ≥ 0 and hence V 0 ⊂ W.
• Second step. We claim that µ(ϕ(W (A)) ≥ c. Indeed, since N (V 0 , S n ) ⊂ W n (Q Sn ), it follows from the first step that µ n (ϕ Sn (W (Q Sn ))) = µ n (ϕ Sn (W n (Q Sn ))) ≥ c for every n ≥ N. Setting
this means that µ(Ω n ) ≥ c for all n ≥ N, since µ n is the image of µ under π Sn .
As (Ω n ) n≥N is a decreasing sequence, it follows that
On the other hand, we have (see Lemma 5.7)
n≥N Ω n = ϕ(W (A)) and the claim is proved.
Set Y := ϕ(V 0 (A)).
• Third step. We claim that there exists x ∈ ϕ(W (A)) such that µ(ϕ(x + Y )) = 1.
By the ergodicity of µ, it follows that µ(ϕ(W (A)) = 1; so, we may view µ as probability measure on ϕ(W (A)).
Let Z ⊂ ϕ(W (A)) be the support of µ. Again by ergodicity of µ, there exists a point a ∈ W (A) such that x = ϕ(a) ∈ Z and such that the G(Q)-orbit of x is dense in Z. Since g(a) ∈ a + V 0 (A) for all g ∈ G(Q), this means that x + Y = Z and so µ(x + Y ) = 1.
• Fourth step. We claim that µ is invariant under translations by elements from Y. Once proved, it will follow that µ = µ x+Y , by the uniqueness of the Haar measure on the closed subgroup Y of X.
Indeed, the topological space ϕ(W (A)) ⊂ X is the projective limit of the sequence (ϕ(W (Q Sn ))) n≥0 of the topological spaces ϕ(W (Q Sn )) ⊂ X Sn , with respect to the canonical maps ϕ(W (Q Sn )) → ϕ(W (Q Sm )) for n ≥ m. So, the sets of the form ϕ(B × p / ∈Sn W (Z p )), where B runs over the Borel subsets of W (Q Sn ), generate the Borel structure of ϕ(W (A)).
For every n ≥ 0, the image µ n of µ in X Sn is the Haar measure on the coset π Sn (x + Y ) of the subgroup ϕ Sn (V (Q Sn )). So, µ n is invariant under translations by elements from ϕ Sn (V (Q Sn )). This means that, for every Borel subset B of W (Q Sn ), we have
for every z ∈ Y. This proves the claim.
Orbit closures.
We now deduce the description of orbit closures of points in X from the corresponding description in the S-adic case.
Recall that X S = Q d S /Z[1/S] d for S ∈ S and that ϕ : A d → X, ϕ S : Q d S → X S , and π S : X → X S denote the canonical projections. Theorem 5.9. Let G be a connected algebraic subgroup of GL d defined over Q. Assume that G(Q) is generated by unipotent one-parameter subgroups. Let a ∈ A d and x = ϕ(a) ∈ X. There exists a G(Q)invariant linear subspace V 0 of Q d such that the closure of the G(Q)orbit of x in X coincides with x + ϕ(V 0 (A)).
Proof. For S ∈ S, let x S = π S (x) ∈ X S . By Proposition 5.6, there exists a unique G(Q)-invariant linear subspace V S of Q d such that
Fix S 0 ∈ S such that V 0 := V S 0 has maximal dimension among all the subspaces V S for S ∈ S.
Let P ∪ {∞} = ∪ n≥0 S n for an increasing sequence of subsets S n ∈ S. Let n ≥ 1 and write V n for V Sn .
Since
it follows that V 0 ⊂ V n (see the first step in the proof of Theorem 5.8) and hence V n = V 0 , by maximality of the dimension of V. Therefore, we have
We claim that the closure of the G(Q)-orbit of x in X coincides with x + ϕ(V 0 (A)).
Indeed, let n ≥ 0 and g ∈ G(Z[1/S n ]). For every m ≥ n, we have g(x Sm ) − x Sm ∈ ϕ Sm (V 0 (Q Sm )) and hence
Conversely, let y ∈ ϕ(V 0 (A)). Then y = ϕ(v) for v = (v p ) p∈P∪{∞} in V 0 (A) with v p ∈ V 0 (Z p ) for all p ∈ P. Let U be a neighbourhood of y in X. Then U contains a set of the form
This shows that x + y ∈ G(Q)x.
Proof of Theorem 1.1
In this section, we will give the proof of Theorem 1.1.
6.1. Invariant characters on Q d . Let G be a connected algebraic subgroup of GL d defined over Q. Using Fourier transform, we establish the dual versions of Theorems 5.8 and 5.9 in terms of G(Q)-invariant characters on Q d . Recall (see Subsection 4.2) that, after the choice of nontrivial unitary character e of A which is trivial on Q, we can identify Q d with X = A d /Q d by means of the GL d (Q)-equivariant map
where λ a (q) = e( a, q ) for all q = (q 1 , . . . , q d ) ∈ Q d , and a, q = d i=1 a i q i for a = (a 1 , . . . , a d ) ∈ A d . By Pontrjagin duality, the map
is a GL d (Q)-equivariant isomorphism between Q d and the dual group
If Y is a closed subgroup of X, the map
is an isomorphism between Q d /Y ⊥ and Y .
We will need the following characterization of subsolenoids of X. Recall that ϕ is the projection A d → X.
Lemma 6.1. Let Y(X) be the set of connected and closed subgroups of X and Gr(Q d ) the set of linear subspaces of Q d .
In particular, for every P ∈ Gr(Q d ), there exists a unique V ∈ Gr(Q d ) such that P = ϕ(V (A)) ⊥ .
Proof. (i) Let Y be a closed subgroup of X. Then Y is connected if and only Y is torsion-free (see Corollary (24.19) in [HR79] ), that is, if
Since the canonical embedding of R is dense in A/Q, the subgroup ϕ(V (R)) is dense in ϕ(V (A)) and therefore ϕ(V (A)) is connected. Moreover, ϕ(V (A)) is closed as it is the continuous image of the compact solenoid V (A)/V (Q).
Writing a = (a p ) p∈P∪{∞} , we may assume that a p ∈ V (Z p ) for every p ∈ P. So, there exists q ∈ Q d such that a ∞ + q ∈ W (R) and a p + q ∈ W (Z p ) for every p ∈ P. It follows that q ∈ Z d . Hence, we have a ∞ ∈ W (R) + Z d . Observe that ta ∈ W (A) for every t ∈ Q; it follows that ta ∞ ∈ W (R) + Z d for every t ∈ Q and hence for every t ∈ R, since W (R) + Z d is closed in R d . By connectedness, this implies that a ∞ ∈ W (R). Since a ∞ + q ∈ W (R), we have q ∈ W (Z) and so a p ∈ W (Z p ) for every p ∈ P. This shows that a ∈ (V ∩ W )(A). So, ϕ(V (A)) ∩ ϕ(W (A)) = ϕ((V ∩ W )(A)). (iii) As already mentioned (see the proof of Lemma 5.3), we have ϕ(V (A)) = ϕ(W (A)) for every V, W ∈ Gr(Q d ) with V = W.
Let Y ∈ Y(X). Then Y ⊥ ∈ Gr(Q d ), by (i). Consider the linear subspace
Indeed, let q 1 , . . . , q s be a basis of Y ⊥ . For every i ∈ {1, . . . , s} and t ∈ Q, let V i = {a ∈ Q d | a, q i = 0} and choose a i,t ∈ Q d such that a i,t , q i = t. Then
Observe that χ a is G(Q)-invariant and is of positive type (see Proposition 2.4), that is, χ a ∈ Tr(Q d , G(Q)).
Recall that two points x, y ∈ X belongs to the same G(Q)-quasiorbit if their G(Q)-orbits have the same closure in X.
Theorem 6.2. Let G be a connected algebraic subgroup of GL d defined over Q. Assume that G(Q) is generated by unipotent one-parameter subgroups. The map
has Char(Q d , G(Q)) as image and factorizes to a bijection
Proof. Identifying Q d with X, the Fourier transform on X is the map
given by
Recall (see Proposition 3.1) that F restricts to a bijection
Let a ∈ A d . By Lemma 6.1, there exists a G(Q)-invariant linear subspace V of Q d such that P a = Y ⊥ for Y = ϕ(V (A)).
Let µ = µ x+Y for x = ϕ(a).
• First step. We claim that F (µ x+Y ) = χ a .
Indeed, for every q ∈ Q d , we have
is a non-trivial character of Y , by the orthogonality relations. This proves the claim.
• Second step. We claim that χ a ∈ Char(Q d , G(Q)). In view of step one, it suffices to show that µ x+Y is ergodic Assume, by contradiction, that µ x+Y is not ergodic. Observe that G(Q) is connected (in the Zariski topology of GL d (Q)) and has therefore no proper finite index subgroup. Therefore, by Proposition 5.2, there exists a proper closed connected subgroup Z of Y such that g(x + y) ∈ x + y + Z for every g ∈ G(Q) and y ∈ Y. By Lemma 6.1, we can write Z = ϕ(W (A)) for a G(Q)-invariant proper Q-linear subspace of V . So, we have g(x) − x ∈ ϕ(W (A)) for every g ∈ G(Q). This implies that
which is a contradiction, since W = V.
• Third step. We claim that the closure of the G(Q)-orbit of x coincides with x + Y.
Indeed, by Theorem 5.9, there exists a G(Q)-invariant linear subspace W of Q d such that the closure of the G(Q)-orbit of x in X coincides with x + ϕ(W (A)), that is, g(x) − x ∈ ϕ(W (A)) for every g ∈ G(Q). As in the second step, this implies that W = V.
• Fourth step. We claim that Char(Q d , G(Q)) = {χ a | a ∈ A d }.
Indeed, this follows from Theorem 5.8 and the first two steps.
• Fifth step. Let a 1 , a 2 ∈ A d . We claim that χ a 1 = χ a 2 if and only if x 1 = ϕ(a 1 ) and x 2 = ϕ(a 2 ) belong to the same G(Q)-quasi-orbit.
Indeed, observe that P g(a) = P a and χ g(a) = χ a for every a ∈ A d and g ∈ G(Q) It follows that χ a 1 = χ a 2 if x 1 and x 2 belong to the same quasi-orbit.
Conversely, assume that χ a 1 = χ a 2 . Then P a 1 = P a 2 and λ a 1 = λ a 2 on P a 1 . So, Y 1 = Y 2 , where Y i = P ⊥ a i for i = 1, 2, and x 1 − x 2 ∈ Y 1 . Hence, x 1 + Y 1 = x 2 + Y 2 and so, by the third step, x 1 and x 2 belong to the same quasi-orbit. 6.2. Conclusion of the proof of Theorem 1.1. Let G = G(Q) be as in the statement of Theorem 1.1, G = LU a Levi decomposition of G, and u the Lie algebra of U.
Let ψ ∈ Char(G).
• First step. Set ϕ := ψ| U • exp . There exists λ ∈ u such that ϕ coincides with the trivial extension to u of the restriction of λ to p λ , where p λ is the G-invariant linear subspace of u given by
Indeed, as discussed in Subsection 4.2, ϕ ∈ Char(u, G). The claim follows therefore from Theorem 6.2.
• Second step. We claim that ψ(exp(X)g) = ψ(exp(X))ψ(g) for all g ∈ G, X ∈ p λ .
Indeed, since
|ψ(exp(X))| = |ϕ(X)| = |λ(X)| = 1 for every X ∈ p λ , the claim follows from Proposition 2.5.ii.
• Third step. For every g ∈ G and X ∈ u, we have ψ(g) = ψ (exp(−X) exp(Ad(g)(X))g) . This is indeed the case, since ψ(g) = ψ(exp(−X)g exp(X)) = ψ(exp(−X) exp(Ad(g)(X))g).
.
Recall that k λ = {X ∈ u | λ(Ad(g)(tX)) = 1 for all g ∈ G, t ∈ Q} ;
observe that K λ := exp(k λ ) is in general strictly contained in K ψ ∩ U, where
Assume that G λ = G. Observe that this implies that λ = 1 u . Let g ∈ G \ G λ and fix X ∈ u such that Ad(g)(X) − X / ∈ k λ . Let A g,X := {t ∈ Q | exp(−tX) exp(Ad(g)(tX) ∈ K ψ } .
By Lemma 3.6, A g,X is a subgroup of Q.
• Fourth step. We claim that A g,X = Q.
Indeed, assume, by contradiction, that A g,X = Q, that is, exp(−tX) exp(Ad(g)(tX) ∈ K ψ for all t ∈ Q.
By the Campbell-Hausdorff formula, there exists Y 1 , Y 2 , . . . , Y r ∈ u such that exp(−tX) exp(Ad(g)(tX)) = exp
where Y 1 = Ad(g)(X) − X. We have then
Identifying u with Q d via a basis {X 1 , . . . X d }, the character λ of u is given by some a = (a 1 , . . . , a d ) ∈ A d via the formula
for a nontrivial unitary character e of A which is trivial on Q (see Subsection 4.2). It follows that
are the coordinates of Y k in {X 1 , . . . X n }. This implies that d i=1 a i q k,i ∈ Q for every k = 1, . . . , r. Indeed, otherwise the image of the set
Theorem 2] or [BM16, Theorem 5.2]) and this would contradicts the non-triviality of e.
In particular, we have d i=1 a i q 1,i ∈ Q and, since Y 1 = Ad(g)X − X, we obtain λ(Ad(g)(tX) − tX) = 1 for all t ∈ Q. Therefore, Ad(g)X − X ∈ k λ and this is a contradiction.
• Fifth step. Let g ∈ G \ G λ . We claim that ψ(g) = 0. Indeed, let X ∈ u with Ad(g)(X) − X / ∈ k λ and let A g,X ⊂ Q be as in the fourth step. Set B g,X := {t ∈ Q | exp(−tX) exp(Ad(g)(tX) ∈ P ψ } .
Then A g,X ⊂ B g,X and, by Lemma 3.6 again, B g,X is a subgroup of Q. Two cases may occur.
-First case: A g,X = B g,X . So, there exists t ∈ Q such that exp(−tX) exp(Ad(g)(tX) ∈ P ψ \ K ψ .
Then, using the third and second steps, we have ψ(g) = ψ(exp(−X) exp(Ad(g)(X))ψ(g) and hence ψ(g) = 0, since ψ((exp(−X) exp(Ad(g)(X)) = 1.
-Second case: A g,X = B g,X . Then B g,X is a proper subgroup of Q, by the the fourth step. So, B g,X has infinite index in Q an we can find an infinite sequence (t n ) n≥1 in Q such that t n − t m / ∈ B g,X for all n = m. Set u n := exp(−t n X) exp(Ad(g)(t n X)) for all n ≥ 1.
For n = m, we have
since exp(−(t n − t m )X) exp(Ad(g)(t n − t m )X / ∈ P ψ and since P ψ is a normal subgroup of U, we have therefore u n u −1 m / ∈ P ψ and hence ψ(u n u −1 m ) = 0 for all n = m, by the first step.
As u n coincides with the commutator [exp(t n X), g] in G, it follows from Lemma 2.6 that ψ(g) = 0.
It remains to determine the restriction of ψ to G λ . Since ψ| K λ = 1 K λ , we may view ψ as character of G/K λ , which is the group of Q-points of an algebraic group, and we can therefore assume that K λ = {e}. Then G λ is the centralizer of U in G and is the group of Q-points of an algebraic normal subgroup of G. Let G λ = L 1 U 1 be a Levi decomposition of G λ . Since U 1 is a unipotent characteristic subgroup of G λ , we have U 1 ⊂ U. Moreover, L 1 is the group of Qpoints of an algebraic subgroup L 1 of G and so L is contained in a Levi subgroup of G. As two Levi subgroups of G are conjugate by an element of U (see [Mos56] ), we can assume that L 1 ⊂ L, that is, L 1 = L λ and so, G λ = L λ Z(U).
• Sixth step. We claim that there exists ϕ 1 ∈ Char(L λ ) such that ψ(gu) = ϕ 1 (g)ψ(u) for all g ∈ L λ , u ∈ U.
Indeed, we can find a normal subgroup H of L which centralizes L λ such that L λ ∩ H is finite and such that L = L λ H (see Proposition 6.3 below). Then G = L λ HU and HU centralizes L λ . So, the claim follows from Proposition 2.12 (see also Corollary 2.13).
• Seventh step. Let λ ∈ u, ϕ ∈ Char(L λ ), and let Φ (λ,ϕ) : G → C be defined as in Theorem 1.1. We claim that ψ := Φ (λ,ϕ) ∈ Char(G).
Indeed, it is clear (see Proposition 2.4) that ψ ∈ Tr(G). Write
as an integral over a probability space (Ω, ν) with ψ ω ∈ Char(G) for every ω (see Remark 2.2). Then ϕ := ψ| U • exp coincides with the trivial extension to u of the restriction of λ to p λ , where p λ is defined as above. It follows from Theorem 6.2 that ϕ ∈ Char(u, G). This implies that the restriction of ψ ω to U coincides with ψ| U for (ν-almost) every ω.
Let ω ∈ Ω. The fifth step, applied to ψ ω ∈ Char(G), shows that ψ ω = 0 on G \ G λ , where G λ is defined as above. By the sixth step, also applied to ψ ω , there exists ϕ ω 1 ∈ Char(L λ ) such that ψ(gu) = ϕ ω 1 (g)ψ(u) for all g ∈ L λ , u ∈ U. As a result, we have
Since ϕ 1 ∈ Char(L λ ), it follows that ϕ ω 1 = ϕ 1 and hence that ϕ = ϕ ω for (ν-almost) every ω. This shows that ϕ ∈ Char(G).
• Eighth step. Let λ 1 , λ 2 ∈ u and ϕ 1 ∈ Char(L λ 1 ), ϕ 2 ∈ Char(L λ 2 ). We claim that Φ (λ 1 ,ϕ 1 ) = Φ (λ 2 ,ϕ 2 ) if and only if λ 1 and λ 2 have the same G-orbit closure and ϕ 1 = ϕ 2 .
Indeed, set ψ i = Φ(λ i , ϕ i ) for i = 1, 2. It follows from Theorem 6.2 that ψ 1 | U = ψ 2 | U if and only if the closures of the G-orbits of λ 1 and λ 2 coincide. If this is the case, then k λ 1 = k λ 2 and hence G λ 1 = G λ 2 . The claim follows from this facts. 6.3. Characters of semi-simple algebraic groups. The following proposition, in combination with [Bek19] and Corollary 2.13, shows how the characters of the groups L λ appearing in Theorem 1.1 can be described.
A group L is the almost direct product of subgroups H 1 , . . . , H n of L if the product map H 1 × · · · × H n → L is a surjective homomorphism with finite kernel. Proposition 6.3. Let G be a connected semi-simple algebraic group defined over a field k. Assume that G(k) is generated by its unipotent one-parameter subgroups. Let L be a (non necessarily connected) algebraic normal k-subgroup of G. Then there exist connected almost ksimple normal k-subgroups G 1 , . . . , G r of G, a subgroup F of L(k) contained in the (finite) center of G, and a connected normal k-subgroup H of G with the following properties:
(i) G(k) is the almost direct product of L(k) and H(k); (ii) L(k) is the almost direct product of F, G 1 (k), . . . , G r (k); (iii) every G i (k) is generated by its unipotent one parameter subgroups.
Proof. Let L 0 be the connected component of L. Let G 1 , . . . , G r be the connected almost k-simple normal k-subgroups of G contained in L 0 . Then L 0 is the almost direct product of the G i 's and there exists a connected normal k-subgroup H of G such that G is the almost direct product of L 0 and H (see [BT65, 2.15] ). It follows that L is the almost direct product of L 0 and L ∩ H and hence that L ∩ H is finite, since L 0 has finite index in L. This implies that L ∩ H is contained in the center of G, as L ∩ H is a normal subgroup of G.
Since G(k) is generated by its unipotent one parameter subgroups, the same is true for G i (k) for every i, for L 0 (k), and for H(k). Hence, L 0 (k) is the almost direct product of G 1 (k), . . . , G r (k), and G(k) is the almost direct product of L 0 (k) and H(k) (see [BT73, Proposition 6.2]). It follows that L(k) is the almost direct product of L 0 (k) and F := L(k) ∩ H(k). From what we have seen above, F ⊂ L ∩ H is a subgroup of the center of G.
A few examples
7.1. Abelian unipotent radical. Let L be a quasi-simple algebraic group defined over Q. Assume that L = L(Q) is generated by its unipotent one-parameter subgroups. Let L → GL(V ) be a finite dimensional representation defined over Q of dimension at least 2; assume that L → GL(V (Q)) is irreducible. Set G = L ⋉ V (Q). Then G is the group of Q-rational points of the algebraic group L ⋉ V . Denote by F the kernel of L → GL(V (Q)) and observe that F is a subgroup of the finite center of L. We claim that Char(G) = Char(L) ∪ { χ | χ ∈ Char(L)}.
Indeed, let λ ∈ V (Q). The sets K λ and P λ as in Theorem 1.1 are Linvariant linear subspaces of V (Q) and so are equal either to V (Q) or to {0}, by irreducibility of the representation of L on V (Q).
• Assume that K λ = V (Q); then λ = 1 V (Q) and L λ = L. So, the characters of G associated to λ are the characters of L lifted to G. • Assume that K λ = {0}. Then P λ = {0} (see Proposition 3.5).
So, L λ = F and every element of Char(G) associated to λ is of the form χ for some χ ∈ Char(F ). For instance, for every faithful Q-irreducible rational representation SL 2 → GL(V ), we have is an algebraic which is a quasi-simple and defined over Q. The (2n + 1)-dimensional Heisenberg groups is the unipotent algebraic group H 2n+1 defined over Q, with underlying set C 2n × C and product ((x, y), s)((x ′ , y ′ ), t) = (x + x ′ , y + y ′ ), s + t + 1 2 β((x, y), (x ′ , y ′ )) ,
for (x, y), (x ′ , y ′ ) ∈ C 2n , s, t ∈ C. The group Sp 2n acts by rational automorphisms of H 2n+1 , given by g((x, y), t) = (g(x, y), t) for all g ∈ Sp 2n (Q), (x, y) ∈ Q 2n , t ∈ Q.
be the group of Q-points of the algebraic group Sp 2n ⋉ H 2n+1 defined over Q. Since Sp 2n is Q-split, G is generated by its unipotent oneparameter subgroups. We claim that for (x, y), (x ′ , y ′ ) ∈ Q 2n , s, t ∈ Q. The action of Sp 2n (Q) on h is given by the same formula as for the action on H 2n+1 (Q).
The Sp 2n (Q)-invariant ideals k of h are {0}, h, and the center z of h. The corresponding ideals p, which are inverse images in h of the G-fixed elements in h/k, are respectively z, h and z.
Let λ ∈ h.
• Assume that k λ = {0}. Then p λ = z. Since no element in Sp 2n (Q) \ {e} acts trivially on h/z ∼ = Q 2n , we have L λ = {e}. So, the only character of G associated to λ is χ λ . (Observe that χ λ = 1 Z , since k λ = {0}.) • Assume that k λ = h; then λ = 1 h and L λ = Sp 2n (Q). So, the characters of G associated to λ are the characters of Sp 2n (Q) lifted to G, that is, 1 G , 1 H 2n+1 (Q) , and ε. • Assume that k λ = z. Then p λ = z and L λ = {e}. So, 1 Z is the only character of G associated to λ.
7.3. Free nilpotent groups as unipotent radical. Let u = u n,2 be the free 2-step nilpotent Lie algebra on n ≥ 2 generators over Q; as is well-known (see [Gau73] ), u can be realized as follows. Let V be an n-dimensional vector space over Q and set u := V ⊗ ∧ 2 V, where ∧ 2 V is the second exterior power of V. The Lie bracket on u = V ⊗ ∧ 2 V is defined by
The center of u is ∧ 2 V and the associated unipotent group U is V ⊕∧ 2 V with the product (v 1 , w 1 )(v 2 , w 2 ) = (v 1 + v 2 , w 1 + w 2 + 1 2 v 1 ∧ v 2 ) so that the exponential mapping exp : u → U is the identity. The group GL n acts naturally on V as well as on ∧ 2 V and these actions induce an action of GL n by automorphisms on U given by g(v, w) = (gv, gw) for all g ∈ GL n (Q), v ∈ V, w ∈ ∧ 2 V.
Since U coincides with the Heisenberg group H 3 (Q) when n = 2, we may assume that n ≥ 3. Let L be the group of Q-points of an algebraic subgroup of GL n defined and quasi-simple over Q. Assume that the representations of L on V and on ∧ 2 V are faithful and irreducible over Q and that, moreover, L is generated by its unipotent one-parameter subgroups (an example of such a group is L = SL n (Q)). The group G = L ⋉ U is the group of Q-points of an algebraic group defined over Q and G is generated by its unipotent one-parameter subgroups.
We claim that
where p : G → L is the canonical epimorphism and Z(L) the center of L.
Indeed, the L-invariant ideals k of u are {0}, u, and the center z = ∧ 2 V. By irreducibility of the L-action on L on V and ∧ 2 V , the corresponding ideals p, which are inverse images in u of the G-fixed elements in u/k, are respectively 0, u and z.
Let λ ∈ u.
• Assume that k λ = {0}. Then p λ = {0} and L λ = {e}. So, the only character of G associated to λ is δ e . • Assume that k λ = u. Then the characters of G associated to λ are the characters of L lifted to G, that is, {1 G } and χ • p for χ ∈ Z(L). • Assume that k λ = z. Then p λ = z and L λ = {e}. So, 1 ∧ 2 V is the only character of G associated to λ.
